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Abstract
The angular ADM reduction of the BTZ spacetime yields a Liouville-
type theory. The analysis of the resulting Liouville theory naturally
leads to identification of the stretched horizon. The dynamics asso-
ciated with the stretched horizon has a feature that seems consistent
with the unsmooth horizon; the quantum gravity effects are essential
for the unsmoothness. We show that the “anomaly” term in the stress-
energy tensor is responsible for the Planck scale energy experienced
by an infalling observer.
1 Introduction
Given the unrenormalizability of the 4D Einstein-Hilbert action, the semi-
classical description has been widely used in the black hole literature. (See,
e.g., [1] and [2] for reviews.) This description led to the discovery of Hawking
radiation and many other useful results, and we believe it is essential to go
beyond it to solve Black Hole Information (BHI) problem and surrounding
issues.
The validity of the semi-classical description is one of the four postulates
of black hole complementarity (BHC) [3]. However, the postulates’ mutual
compatibility has been questioned in the recent work of [4], according to
which one or more of the four postulates of BHC must break down. In
particular, an infalling observer will experience a firewall when crossing the
event horizon of a sufficiently old black hole in ‘violation’1 of the Equivalence
Principle. In this work, we analyze a 2D theory to study the behavior of the
stretched horizon as observed by an infalling observer.
The 2D theory that we consider describes the quantum fluctuations of the
selected 2D hypersurface of the BTZ spacetime [5].2 (See [9] for review of the
BTZ black hole.) It was proposed in [10] that it should be possible to tackle
the BHI problem without directly dealing with the quantization issue of the
3D or 4D gravity. One may tackle the BHI after first reducing the theory to a
selected 2D hypersurface through the procedure called dimensional reduction
to a hypersurface of foliation (or ADM reduction for short).
The ADM reduction is a variation of (but significantly different from)
the standard Kaluza-Klein reduction. The procedure was motivated by the
endeavor to derive AdS/CFT from the first principle. To be specific, let us
take the prime example, AdS5/CFT4. The CFT, N = 4 SYM in this case,
can be viewed as the theory of the hypersurface of AdS5 at r = ∞. By
applying the procedure in the Hamilton-Jacobi formulation, it was shown
that the 5D AdS gravity admits a class of solutions with a “moduli field”,
which in turn was identified as the abelian worldvolume (i.e., the hypersurface
at a fixed r) gauge field [11] [10]. This may be viewed as the way in which the
1What is being challenged might not be Equivalence Principle itself but the conven-
tional lore that Equivalence Principle implies a smooth horizon. We will come back to
this in the conclusion.
2Recent works that tackle black hole information problem by analyzing concrete models
include [6–8].
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actual dualization of the bulk theory to the boundary theory should generally
work.3
The ADM reduction has subsequently been applied to 4D Einstein-Hilbert
action [14] [15] and 3D AdS gravity action [16]. In this work, we build on
the latter case. There has been expectation in the literature [17–23] that
the BTZ geometry should be associated with Liouville theory [24].4 This
expectation has been confirmed in the ADM setup [16]: the theory reduced
along the ϕ (respectively, r) direction has turned out to be curved-space
Liouville (respectively, ‘flat-space’ Liouville) theory. (Liouville theory was
obtained in [25] by the standard dimensional reduction in the 4D Einstein-
Hilbert case.)
In this work, we take the Liouville theory resulting from the ϕ-reduction
and analyze its implications for black hole physics. In particular, we study its
implications for the behavior of the surface that we identify as the stretched
horizon. We compute the zero-mode contribution to the expectation value
of the 2D stress-energy tensor. Although the Liouville theory is super-
renormalizable, various issues pertaining to detailed renormalization proce-
dure are still present. We outline the procedure for computing the rest of
the contributions (i.e., nonzero-mode contributions).
In order to examine the behavior of the stretched horizon, we consider
the coordinate-invariant quantity that involves the 2D stress-energy tensor
T Sab, a = (t, r):
< S|T Sab|S > UaSU bS (1)
where ‘S’ denotes the Schwarzschild coordinates and UaS is the timelike
geodesic. (A recent firewall-related analysis of the vacuum expectation value
of the stress tensor appeared in [26]. See, e.g., [27–29] [1] for early dis-
cussions.) This quantity is the energy density as measured by an infalling
observer. As wellknown, Liouville theory has a central charge. We show that
the central charge term induces the invariant quantity above to generate the
3With the result in [12] and conjecture in [13] combined, the derivation of AdS5/CFT4
seems within close reach. The author thanks H.-S. Yang for discussion on this point.
4As well known, 3D pure gravity does not have propagating degrees of freedom. Then
there should be two possibilities regarding what is responsible for the Liouville degrees of
freedom. Firstly, it could be non-perturbative degrees of freedom. Secondly, they could
be associated with some type of ”boundary” degrees of freedom. Out work is in line with
the second possibility as we further contemplate in the conclusion.
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Planck scale energy density at the stretched horizon, a behavior consistent
with the idea of the unsmooth horizon [30] [4].
The rest of the paper is organized as follows. In section 2, we review
the ϕ-reduction of the BTZ spacetime. In section 3, we compute the zero-
mode contribution to (1). Conceptually, narrowing down to the zero-mode
contribution means an additional ADM reduction along the r direction, and
one gets to deal with the quantum mechanics of the ‘point stretched horizon’,
i.e., stretched horizon of zero spatial dimension. Once the zero-mode result
gets contracted with the timelike geodesic, one gets the Planck scale energy.
The computation of the genuine 2D contributions is outlined. We end with
discussion and future directions.
2 Review of ϕ-reduction
In the next section which is the main body of the work, we identify the
stretched horizon and analyze its dynamics by computing the zero-mode
contribution to the vacuum expectation value of the 2D stress-energy tensor.
To set the stage for the next section, we obtain the 2D theory by applying
the ADM reduction technique along the angular direction [16].5
Let us consider the 3D action
S =
∫
d3x
√
−g˜(3)
[
R˜(3) +
2
l2
]
(2)
where l is the AdS length scale. By employing the ADM formalism, the
metric can be put in the form,
ds23 = (n˜
2
ϕ + h˜
abN˜aN˜b)dϕ
2 + 2N˜adϕdx
a + h˜abdx
adxb, a = t, r (3)
In this formalism, the 3D action takes
S =
∫
d2xdϕ
√
−h˜ n˜ϕ
[
R˜(2) + K˜2 − K˜abK˜ab − 2Λ
]
(4)
5Here we do not carefully trace the terms that arise from the virtual boundary contri-
bution because they will not play a role in the 2D stress-energy tensor. (Such terms were
carefully dealt with in [15] and [16].)
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N˜a can be gauge-fixed to N˜a = 0. Let us rescale the 3D metric h˜µν (where
µ = (a, ϕ) = (t, r, ϕ)) by
h˜µν = e
2ρ˜(t,r,ϕ)hµν (5)
The field ρ˜ is related to the lapse function associated with hµν : nϕ is defined
as nϕ(t, r, ϕ) ≡ e−ρ(t,r) where ρ(t, r) is a dimensionally reduced ρ˜(t, r, ϕ) field.
This leads to
S =
∫
d2xdϕ
√−h(2)
[
R(2) +K2 −KabKab − 4∇2(3)ρ˜− 2(∇(3)ρ˜)2 +
2
l2
e2ρ˜
]
(6)
After reduction to 2D and by setting ρ˜(t, r, ϕ) = ρ0(r)+ρ(t, r) with e
ρ0(r) = r,
one gets
S =
∫
dtdr
√−h(2) r
[
R(2) + αϕ(r)ρ− 2(∇aρ)2 + (K2 −KabKab) + 2r
2
l2
e2ρ
]
(7)
where αϕ(r) = 4∇2ρ0. αϕ(r) can be adjusted to our needs by renormalization
procedure. (See below (12).) Let us gauge-fix the 2D metric h(2)ab to
ds22 = γ˜0abdx
adxb (8)
where
γ˜0ab ≡
( − 1
r2
f(r) 0
0 1
r2f(r)
)
(9)
Let us rescale the 2D metric of (7) to the original 2D part of the 3D metric
so that
γ˜0ab ≡ 1
r2
γab, γ0ab =
( −f(r) 0
0 1
f(r)
)
(10)
The action now takes
S =
∫
d2x
√−γ0
[
−2r(∇aρ)2 + αϕ(r)
r
ρ+
2r
l2
e2ρ
]
(11)
where the field-independent terms have been removed. This can be rewritten
S =
∫
d2x
[
r
8pif
(∂tρ)
2 − rf
8pi
(∂rρ)
2 +
αϕ(r)
16pir
ρ+
r
8pil2
e2ρ
]
(12)
where the action has been numerically rescaled. The linear term may be
omitted as part of renormalization procedure (namely, by the freedom to
choose the starting action in renormalization procedure) [31] [32] [14]. (Al-
ternatively, the linear term does not appear at all if one rescales the 3D
metric twice separately, first with e2ρ and next with e2ρ0 .)
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3 Behavior of horizon
To examine the behavior of the horizon (or, more precisely speaking, the
stretched horizon to be identified below), let us consider the following co-
ordinate invariant quantity: the energy density measured by a free-falling
observer, given by
< S| T Sab |S > UaSU bS (13)
Recall that the stress-energy tensor has a constant term that originates from
the presence of the exponential interaction. The constant term plays an
important role: the < S| T Sab |S > term would vanish without it.
The geodesic, UaS , was worked out in [33]; the timelike geodesic is given by
r2r˙2 = −(r4 − r2) + c20r2 (14)
t˙ =
c0r
2
r2(r2 − r2H)
(15)
where c0 is an integration constant.
3.1 1D description of stretched horizon
Before we get to outline the 2D perturbative computation of (13), let us
narrow down to the ground state sector of the theory. This sector pertains
to the zero modes, (q, p), of the mode expansion of ρ and its canonical mo-
mentum Π. The mode expansion should take a form analogous to the flat
case [32] [34]:
ρ(t, r) = q(t) +
∑
n 6=0
i
n
(an(t)e
−inr∗ + bn(t)e
inr∗)
Π(t, r) = p(t) +
∑
n 6=0
1
4pi
(an(t)e
−inr∗ + bn(t)e
inr∗) (16)
where r∗ is a tortoise-type coordinate [35]. The zero-mode system may also
be viewed as the 1D system that results from the additional radial reduction
of (12):
S =
∫
dt
[
1
8pi
(∂tq)
2 +
f
8pil2
e2q
]
(17)
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where we have rescaled the action by f/r. By choosing the location of the
hypersurface at r = ρH + δP where δP is a Planck scale distance, the r-
reduction naturally leads to the notion of the stretched horizon degrees of
freedom. In other words, the resulting 1D field q(t) should be interpreted as
the degree of freedom of the stretched horizon.
The full non-perturbative contribution from the ground sector can be found
by solving the 1D Schrodinger equation with the Hamiltonian given by
H0 =
1
2
( ∂
∂q
)2
+
f
8l2
e2q +
1
8
(18)
It can be noted that the sign of the kinetic term has flipped when it is
compared with the corresponding sign in [32]. This change originates from
the “wrong” sign of the kinetic term in (12). The Schrodinger equation
H0ψ = Eψ takes[(
Z
∂
∂Z
)2
+
f
4l2
Z2 +
1
4
]
ψe =
(1
4
+ e
)
ψe (19)
where Z ≡ eq. The energy E is E = 1
8
+ e
2
and the solution is a Bessel
function. (In the case of [32] the solution was a modified Bessel function.)
For the lowest energy state in the ground sector, let us set e = 0. The
Hamiltonian of [32] was positive-definite whereas the Hamiltonian (18) is
not. Therefore, the energy, in particular, the value of e can be negative
in the present case. (See [36] for the recent discussion on appearance of
negative energy in the context of Firewall.) We interpret the appearance of
the negative-e states as a signal of instability [14], and will put the negative
energy states aside. (An indication that this is justified is that in the the
positive definite case of [32], the negative energy case e < 0 yields solutions
that do not satisfy the boundary condition. We are simply viewing the
negative-e states as associated with the instability although the solutions
satisfy the boundary condition in the present case.) Relatedly, with the
positive-definite Hamiltonian, the energies of the r-dependent states will be
higher than those of the r-independent states, and this pattern should remain
true even in the present case once the negative energy sector is put aside.
For the interacting theory, the contribution of the zero-modes to the energy
density as measured by the infalling observer should be
H0UU (20)
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where U = t˙, H0 = T (the 1D stress-energy tensor) and t˙ is given in (15).
For r = rH + δP it becomes
t˙ ≃ c0r
2
H
2r3H
1
δP
(21)
The Planck scale behavior6 comes from multiplication with U :
H0UU ≃ c
2
0
32r2H
1
δ2P
(22)
If there were no interaction term, this contribution could not arise: for the
branch of positive energy, E > 0, the solution in the absence of the Z2 term
in (19) diverges as l → ∞ and should be abandoned. We take this as an
indication that the free theory does not display the Planck scale energy at
the stretched horizon.
In passing, let us also note the stress-energy measured by the stationary
Schwarzschild observer,
< S| T S00 |S > (23)
The zero-mode contribution should be just 1/8 according to the computa-
tion above. (The expected r-dependence will appear once the nonzero mode
contributions are taken into account.)
3.2 2D approach
It should be possible to carry out the perturbative analysis by treating the
exponential term as a perturbation. The loop divergences are expected and
renormalization should be carried out. As part of the renormalization pro-
cedure, the starting point of the 2D action can be taken as (12), which we
quote here for convenience (the linear term has been omitted):
S =
∫
d2x
[
r
8pif
(∂tρ)
2 − rf
8pi
(∂rρ)
2 +
1
8pil2
e2ρ
]
(24)
6Observations on diverging stress-energy at the event horizon were made in the past
as well [1]. The present work may therefore be viewed to some extent as reinterpretation
of those observations.
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Once the renormalization is complete, one can compute the vacuum expec-
tation value of
T±± = −1
2
(∂±ρ)
2 +
1
8l2
e2ρ +
1
8
(25)
in some appropriately redefined 2D coordinates. This computation will in-
volve construction of the Green function among other things, and to that
end it will be useful to make use of the Kruskal-type coordinates obtained
in [35] [37] in the intermediate step. The advantage for employing the Kruskal
type coordinates is clear: the Laplace equation takes the same form as the
flat case. It should be possible to express the Green function in terms of the
sum over the mode functions. Then the stress-energy tensor can be computed
along the lines of the corresponding flat space computation.
4 Conclusion
In this work, we have computed the ground state contribution to the en-
ergy density as measured by a free-falling observer in the 2D theory. The
additional ADM reduction along r has led to the natural identification of
the stretched horizon. The ground sector is spanned by the zero modes of
the field ρ and its conjugate momentum Π. We have shown that the quan-
tum gravity interaction is essential for the stretched horizon to display the
Planck scale excitations observed by a free-falling observer. The result of
this work supports the unsmooth horizon proposals in the literature. We
believe that the result is at odds with the conventional lore -which is based
on semi-classical physics -that Equivalence Principle implies smooth horizon
(rather than Equivalence Principle itself).
In one of the footnotes, we have briefly addressed the origin of the Liouville
degrees of freedom. The idea of the virtual boundary associated with ADM
reduction seems to be in line with the proposal in [38] to view a horizon as a
boundary. There is an interesting investigation that needs to be done to fully
justify the view of a horizon as a boundary surface. Carrying out the ADM
procedure, one will obtain a Liouville type theory even if one chooses the
radial location to be outside of the horizon, i.e., a bulk point. As well known,
3D gravity does not have any propagating degrees of freedom. The Liouville
theory in this case should not be taken as genuine degrees of freedom since
it should be possible to remove all of its dof by gauge symmetry. However, if
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one chooses the radial location at the event horizon, it is expected that the
gauging procedure would presumably encounter some type of singularities
due to quantum effects.
One obvious future direction is to compute the r-dependent sector’s con-
tribution to the stress-energy; renormalization procedure must be completed
prior to this task. Once one reaches this point it would be possible to see
the additional role of the interaction: information would be coded on the
stretched horizon in the manner that reflects the interaction.
Another direction is with regard to the teleological nature of an event
horizon [39]. The teleological nature of the stretched horizon was discussed
in [3]. We believe that the teleological nature of the stretched horizon may
well play a role in the proposed mechanisms of blackening and bleaching [40].
It should be possible to use the 2D setup that was reviewed in section 2 to
study the potential presence of a bleaching mechanism. For that, it would be
useful to construct a wave-packet and follow its time evolution. Some of the
ingredients in [41] will be useful. An interacting QFT approach that shares
a certain spirit with the semi-classical description would be required; most
textbooks on QFT focuses on computing S-matrix. In our view, the best
setup should be what is called the Schrodinger approach of QFT [42].
We will report on some of these issues in the near future.
Acknowledgments
I would like thank the members of CQUeST Sogang University, the physics
department of Hanyang University, Kyung Hee University, and KIAS for
useful discussions. I especially thank B.-H. Lee for his hospitality during my
visit to CQUeST.
10
References
[1] N. D. Birrell and P. C. W. Davies, Quantum Fields In Curved Space,
Cambridge (1982)
[2] Viatcheslav Mukhanov and Sergei Winitzki, “Introduction to Quantum
Effects in Gravity” Cambridge (2007)
[3] L. Susskind, L. Thorlacius and J. Uglum, “The Stretched horizon
and black hole complementarity,” Phys. Rev. D 48, 3743 (1993) [hep-
th/9306069].
[4] A. Almheiri, D. Marolf, J. Polchinski and J. Sully, “Black Holes: Com-
plementarity or Firewalls?,” JHEP 1302, 062 (2013) [arXiv:1207.3123
[hep-th]].
[5] M. Banados, C. Teitelboim and J. Zanelli, “The Black hole in
three-dimensional space-time,” Phys. Rev. Lett. 69 (1992) 1849 [hep-
th/9204099].
[6] H. Kawai, Y. Matsuo and Y. Yokokura, “A Self-consistent Model of
the Black Hole Evaporation,” Int. J. Mod. Phys. A 28, 1350050 (2013)
[arXiv:1302.4733 [hep-th]].
[7] D. Berenstein and E. Dzienkowski, “Numerical Evidence for Firewalls,”
arXiv:1311.1168 [hep-th].
[8] E. Silverstein, “Backdraft: String Creation in an Old Schwarzschild
Black Hole,” arXiv:1402.1486 [hep-th].
[9] S. Carlip, “What we don’t know about BTZ black hole entropy,” Class.
Quant. Grav. 15, 3609 (1998) [hep-th/9806026].
[10] E. Hatefi, A. J. Nurmagambetov and I. Y. Park, “ADM reduction of IIB
on Hp,q and dS braneworld,” JHEP 1304, 170 (2013) [arXiv:1210.3825
[hep-th]].
[11] M. Sato and A. Tsuchiya, “Born-Infeld action from supergravity,” Prog.
Theor. Phys. 109, 687 (2003) [hep-th/0211074].
11
[12] F. Gonzalez-Rey, B. Kulik, I. Y. Park and M. Rocek, “Selfdual effective
action of N=4 superYang-Mills,” Nucl. Phys. B 544, 218 (1999) [hep-
th/9810152].
[13] J. H. Schwarz, “Highly Effective Actions,” arXiv:1311.0305 [hep-th].
[14] I. Y. Park, “ADM reduction of Einstein action and black hole entropy,”
arXiv:1304.0014 [hep-th].
[15] I. Y. Park, “Dimensional reduction to hypersurface of foliation,”
arXiv:1310.2507 [hep-th], to appear in NPB.
[16] I. Y. Park, “Reduction of BTZ spacetime to hypersurfaces of foliation,”
JHEP 1401, 102 (2014) [arXiv:1311.4619 [hep-th]].
[17] O. Coussaert, M. Henneaux and P. van Driel, “The Asymptotic dynam-
ics of three-dimensional Einstein gravity with a negative cosmological
constant,” Class. Quant. Grav. 12, 2961 (1995) [gr-qc/9506019].
[18] V. P. Frolov, D. Fursaev, J. Gegenberg and G. Kunstatter, “Thermo-
dynamics and statistical mechanics of induced Liouville gravity,” Phys.
Rev. D 60, 024016 (1999) [hep-th/9901087].
[19] K. Krasnov, “3-D gravity, point particles and Liouville theory,” Class.
Quant. Grav. 18, 1291 (2001) [hep-th/0008253].
[20] A. Giacomini and N. Pinamonti, “Black hole entropy from classical Li-
ouville theory,” JHEP 0302, 014 (2003) [gr-qc/0301038].
[21] Y. -j. Chen, “Quantum Liouville theory and BTZ black hole entropy,”
Class. Quant. Grav. 21, 1153 (2004) [hep-th/0310234].
[22] F. -F. Yuan and Y. -C. Huang, “Thermodynamics of nonspherical black
holes from Liouville theory,” Int. J. Mod. Phys. A 27, 1250111 (2012)
[arXiv:1107.5738 [hep-th]].
[23] T. Nakatsu, H. Umetsu and N. Yokoi, “Three-dimensional black holes
and Liouville field theory,” Prog. Theor. Phys. 102, 867 (1999) [hep-
th/9903259].
12
[24] A. A. Belavin, A. M. Polyakov and A. B. Zamolodchikov, “Infinite Con-
formal Symmetry in Two-Dimensional Quantum Field Theory,” Nucl.
Phys. B 241, 333 (1984).
[25] S. N. Solodukhin, “Conformal description of horizon’s states,” Phys.
Lett. B 454, 213 (1999) [hep-th/9812056].
[26] D. A. Lowe and L. Thorlacius, “Pure states and black hole complemen-
tarity,” Phys. Rev. D 88, 044012 (2013) [arXiv:1305.7459 [hep-th]].
[27] W. G. Unruh, “Notes on black hole evaporation,” Phys. Rev. D 14, 870
(1976).
[28] S. A. Fulling, “Alternative Vacuum States in Static Space-Times with
Horizons,” J. Phys. A 10, 917 (1977).
[29] G. W. Gibbons and M. J. Perry, “Black Holes and Thermal Green’s
Functions,” Proc. Roy. Soc. Lond. A 358, 467 (1978).
[30] S. L. Braunstein, S. Pirandola and K. yczkowski, “Entangled black holes
as ciphers of hidden information,” Phys. Rev. Lett. 110, 101301 (2013)
[arXiv:0907.1190 [quant-ph]].
[31] J. Distler and H. Kawai, “Conformal Field Theory and 2D Quantum
Gravity Or Who’s Afraid of Joseph Liouville?,” Nucl. Phys. B 321, 509
(1989).
[32] N. Seiberg, “Notes on quantum Liouville theory and quantum gravity,”
Prog. Theor. Phys. Suppl. 102, 319 (1990).
[33] N. Cruz, C. Martinez and L. Pena, “Geodesic structure of the (2+1)
black hole,” Class. Quant. Grav. 11, 2731 (1994) [gr-qc/9401025].
[34] P. H. Ginsparg and G. W. Moore, “Lectures on 2-D gravity and 2-D
string theory,” [hep-th/9304011].
[35] M. Banados, M. Henneaux, C. Teitelboim and J. Zanelli, “Geometry of
the (2+1) black hole,” Phys. Rev. D 48, 1506 (1993) [gr-qc/9302012].
[36] W. Kim and E. J. Son, “Freely Falling Observer and Black Hole Radi-
ations,” arXiv:1310.1458 [hep-th].
13
[37] S. Carlip, “The (2+1)-Dimensional black hole,” Class. Quant. Grav. 12,
2853 (1995) [gr-qc/9506079].
[38] S. Carlip, “Black hole entropy from horizon conformal field theory,”
Nucl. Phys. Proc. Suppl. 88, 10 (2000) [gr-qc/9912118].
[39] K. S. Thorne, R. H. Price, and D. A. MacDonald, PBlack Holes: “The
Membrane Paradigm”, Yale University Press (1986)
[40] I. Y. Park, “On the pattern of black hole information release,” Int. J.
Mod. Phys. A 29, 1450047 (2014) [arXiv:1301.6320 [hep-th]].
[41] K. Schoutens, H. L. Verlinde and E. P. Verlinde, “Quantum black hole
evaporation,” Phys. Rev. D 48, 2670 (1993) [hep-th/9304128].
[42] B. Hatfield, Quantum Field Theory of Point Particles and Strings,
Perseus Books (1998).
14
